Proc. Indian Acad. Sci. (Math. Sci.) Vol. 114, No. 2, May 2003, pp. 141-151. 
Printed in India 



A complete conformal metric of preassigned negative 
Gaussian curvature for a punctured hyperbolic Riemann 

■^ ■ surface 

O 
O 
(N : RUKMINI DEY 

c . 

r-{ ^ Department of Mathematics, Indian Institute of Technology, Kanpur 208 016, India 

i—^ , E-mail: rukmini@iitk.ac.in 

oo ■ 

fSJ ■ MS received 1 December 2003; revised 14 February 2004 

Abstract. Let hhe a. complete metric of Gaussian curvature A'o on a punctured Rie- 

Ph , mann surface of genus ^ > 1 (or the sphere with at least three punctures). Given a 

•^r ■ smooth negative function K with AT = A'o in neighbourhoods of the punctures we prove 

• ' that there exists a metric conformal to h which attains this function as its Gaussian 

i-J^ ' curvature for the punctured Riemann surface. We do so by minimizing an appropriate 

^ , functional using elementary analysis. 
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^ ' 1. Introduction 

OO ■ 

\^ . Let E be a punctured hyperbolic Riemann surface, namely a Riemann surface of genus 

VO ' ^ > 1 with at least one puncture (or the sphere with at least three punctures). Let ds^ = 

^^ . /z dz (8) dz be a complete metric on E with Kq — Ko{z,z) its Gaussian curvature, negative 

near the punctures. Example of an initial metric is given in §4. 
(-^ . In this paper we prove the result that given an arbitrary smooth negative function K, 

with K = Kq in neighbourhoods of the punctures, there exists a metric conformal to h 
which attains this function as its Gaussian curvature'. Our proof is elementary, using 
^ ' Hodge theory, i.e., the existence of the Green's operator for the Laplacian on a compact 

manifold with boundary. This proof is a generalization of the proof given in an earlier 
paper that for a compact Riemann surface of genus g > I any negative function K is 
attained as the Gaussian curvature of a metric conformal to the given one 1101 . 
^\ ' In 1 14 1 Appendix A, there is a theorem. 



JS 



Theorem 1.1 j(Hulin-Troyanov). Let S' be a non-compact Riemann surface of finite type. 
Assume S' is neither conformally equivalent to C nor C*. Let K: S' —fM. be any bounded 
locally Holder-continuous function. Then, there exists a conformal metric g on S' with 
curvature K. 

However, such metrics are not usually complete. If we restrict ourselves to complete 
metrics but forgo having an example in each conformal class, there is a result by Burago 
(proof is to be found in BMI ) generalizing Kazdan and Warner that any function negative 



'Note that there are minimal surfaces with ends, topologically equivalent to punctured Riemann surfaces, which 
have negative curvature eveiy where 1 1512212 jl . 
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on an open set with non-positive value somewhere near the punctures is achieved as a 
prescribed Gaussian curvature I5I14I18I . 

Theorem 1.2 .(Burago-Kazhdan- Warner). Let K be a smooth function on an open sur- 
face S' of finite type. The following conditions are necessary and sufficient for K to be the 
curvature of some complete metric ofS': 

(i) liminf,-^cxj K{x) <Q at each end ofS'; 

(ii) when Euler characteristic ofS' < 0, assume also, infK < 0; when Euler characteristic 
ofS' — 0, assume also infK <0 or K = 0. 

The proof of this theorem is also given in Iil4j . However they do not find a metric in 
every conformal class which has this property. 

Our proof is very different and our result is new in the sense that we show that if the 
initial metric has negative Gaussian curvature near the punctures and given any negative 
function with the same value as the initial one near the punctures, there exists a metric 
in the conformal class of the initial metric which has this function as its Gaussian curva- 
ture. Moreover, the behaviour of the initial metric near the punctures do not change (the 
conformal equivalence factor e'^ is 1 near the punctures). Thus if we started with a com- 
plete metric, completeness is preserved. If the initial metric has Gaussian curvature the 
function Kq, negative somewhere, such that lim^^ocKo = /o < (i.e. its value is /o near 
the punctures) then by Burago-Kazhdan-Warner's result we would have a complete met- 
ric which achieves Kq as its Gaussian curvature. Let K <Ohe another function such that 
limi^oo K — fo then our result shows that there exists a metric conformal to the previous 
one such that K is achieved as its Gaussian curvature. This indicates that there could be 
many conformal classes which contain a metric with K as its Gaussian curvature. In the 
last section we give an example of the initial metric which has negative Gaussian curva- 
ture near the punctures. 

By Thereom 2.1a, we also have the result that any arbitrary negative function K is 
allowed as the Gaussian curvature of an unpunctured Riemann surface of genus g>l with 
at least one boundary component or a sphere with at least three boundary components. 

For prescribed curvature on surfaces with conical singularities, see [23]. 

Let pi,i—l,...,n be the punctures on E. Let us choose a disc D, about the point pi with 
coordinates (r,, 0,) such that D, = {(r,, 0,) : < r,- < 1, < 0,- < 2k} with the point p, 
corresponds to r, = 0. No other puncture lies in this neighbourhood. LetM = E— UjLjZ),-. 
Thus M is a compact manifold with boundary dM — U"^idDi. We assume Kq is negative 
on dM. In §4 we show by an example that this is not a stringent condition on the metric 
h. Also M is of finite volume with respect to the metric h and Kq is smooth on M. Kq 
may have singularities at the punctures. Let K <Qhe a given function on M and K = Kq 
on U"^[Z),. On M we show that there exists a metric conformal to h which has K as its 
Gaussian curvature. We show this by minimizing the functional 

S[a]^ I {K{a)-Kft^''dn 
Jm 

over functions in class T where T — {a ^ C^{M,M,)\a\;jfj — ^v^I^m ~ ^f bw = 0}^ 
where — denotes the closure in W^'^. Here K{a) stands for the Gaussian curvature of the 



metric Q°h, and d/i = 2~'^ dz A dz is the area form for the metric h. Using the Sobolev 
embedding theorem for compact manifolds with boundary we show that S[<j\ takes its 
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absolute minimum, zero, on C°°{M) which corresponds to a metric on M of negative 
curvature K. Then we extend the minimizer a by zero on D, and thus near the punctures 
the metric &"hAz ® dz and the curvature K remain hdz®Az and Kq respectively. 



2. The main theorem 

2.1 All notations are as in §1 

The functional S[a] = \f^{K{a) — K)^e^"djj. is non-negative on T, so that its infimum 

5o==inf{5[c7],c7er} 
exists and is non-negative. Let {cT„}'^^i C T be a corresponding minimizing sequence, 

Iim5[c7„] =So. 

Our main result is the following 

Theorem 2.1. (a) Let M = 11 — U"^jD; be a compact Riemann surface with bound- 
ary, with at least three boundary components if genus g = 0. Let hdzAdz be its initial 
metric and Kq be its initial curvature such that Kq < on U"^[D,'. Let K < be an 
arbitrary negative function with K = Kq on U"^jDi (i.e., the curvature is left intact 
near the punctures). The infimum Sq = is attained at a unique G G C°°(M, R), i.e., the 
minimizing sequence {On] contains a subsequence that converges in strong W ' to a 
unique a E C°°(M,K) such that S[g] = Sq = 0. The corresponding metric e'^hdz(E)dz 
is a metric on M of preassigned negative curvature K. (b) On U"^jD;, (7 is extended as 
zero. 

2.2 Uniform bounds 

Since {(7„} is a minimizing sequence, we have the obvious inequality 

S[a„] = f {Kn- /:) V-^'-dAi = / (kq- ]-^han - Kt^A d^<m (2.1) 

■JM .Jm \ 2. J 

for some m > 0, where we denoted by Kn the Gaussian curvature K{an) of the metric e°"/z 
and by Kq that of the metric h, and used that 

Kn = t-'''•[KQ-]^^han\. 

Note: Here A/, = 4/z^ ' (d^/dzdz) stands for the Laplacian defined by the metric h on M. 
Lemma 2.2. There exists a constant C\ such that, uniformly in n, 
{Ahanfdjj. <Ci. 

M 
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Proof. By Minkowski inequality, and using ( 12. 1> . we get 



M \ 2. 



1/2 



< 



Ka--^ha„-Ke."'• ] dfi 

M \ 2 



1/2 



M 



{Ko)^d^ 



1/2 



<m^^^ + c^C, 



so that 



- / {Ah(J„fdii+ [ KV""dix+ [ Ai,a„e''"Kdn <C^. 
4 Jm Jm Jm 

We will show that 

M JM 

where B„i > 0, B„2 > 0, |B„3 1 < 3D^ where D^ is a constant independent of n. 
From (2.3) and (2.2) the result will follow since we will have 

C^ + 3D^>d-B„i>- I [AhOnfdli+Bnl+Bnl 

4 Jm 



> 



4 Jm 



dn. 



Just renaming the constants, we will have the result. 
Integrating by parts we get 



Aha„e''"Kdii = - \d.a„\^e''"Kdfi- {d,a„){d,K)e''"dfi 
M Jm Jm 

[ {dva„)Ke''"dii 

JdM 

d,G„\\''"\K\dpi- [ {d,a„)g\K\ e'^'-dM 



M 



M 



since K is negative, (JyOnlaM = and where we define g — diK/\K\. 
Let M = n„i U Q.„2 U f2„3, a disjoint union of sets defined as follows: 
Onn„i,(l)|a,CT„|>|g|. 
On £l„2, (2) \d,an\ < |^| and \K\ e-^" > \g\^. 
Onn„3, (3) \d,a„\ < \g\ and \K\ e'^- < \g\^. 
LetB„, =^,__j:V'^«dM + ^_^_A;,c7„e'^"/:dM, /= 1,2,3. 
We will show that B„i > 0. 



(2.2) 



(2.3) 



B„i = / K^e^''"d^i+ / \d,a„\'\K\ e''"d^i- / id,a„)g\K\ e^"d^ 

J Q.JJ j J Q.IJ [ J ii^, [ 

>/ /rV-^-d^+Z \d,a„\^\K\e''"d^- [ |a(j„||g||/:|e^"dju 
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/:V^''dAi + / \d,a„\\K\ e'^"(|a(J„| - \8\W 



>o 

by (1) in the definition of ii„i. 
Next we shall show that B„2 > 0. 

B„2 - / K^t'^-dii + [ \d,a„\^\K\ e'^-dfi - f id,a„)g\K\ e^-d^i 

>[ /:V^«dM+/ p,(T„|2|/:|e'^"dM-/ |acT„||g||/:|e^"dM 

K\ e^"(|/:| e^" - \d,a„\\g\)Aii+ j |5,cT„|V«|/:|dM 
> / \K\ e-"(|/:| e-" - \g\')A^+ j |aa„| V''|/:|dAi 

Jn„2 J^nl 

>0, 

by using the two conditions (2) defining £l„2- 

Next we shall show that B„^ is uniformly bounded. 

|B„3l < / /:V'^«d^+ / |a,(T„|2|/^| e'^"d^+ / |<9,(T„||g||/:| e^-d^ 

where D^ — max|^|^/x(M), where /i(M) is the volume of M. This follows from the two 
conditions \K\ &°" < |g|^ and \d^a„ \ < \g\ on i2„3. D^ is a finite constant (max \g\'^ is finite 
since K is non-zero and the volume of M is finite), independent of n. Thus the result 
follows. 



2.3 Pointwise convergence of cy„ 

Lemma 2.3. {ff,,} w uniformly bounded in W ■{M). 

Proof. Let us recall that there is a Green's function on the compact manifold M with 
boundary such that if m G C^ (M) then 

-m(x) = / / G(x,z)AM(z)djU(z)+ / —-(x,w)u{w)dLl 

J Jm JdM OV 

(see for e.g. ^, p. 174). In particular if mJ^^ = then 



-u{x) = G{x,z)Au{z)d^{z). 

J Jm 

Thus there exists a Green's operator G such that AGu — —u and GAu — ~u (see [9|, 
p. 177). Let u = On- Since On\dM = 0, GAc7„ = — C7„. 

Next we will show that since by Lemma 2.2, Act,, is uniformly bounded in L^{M), a„ 
is uniformly bounded in W^'^(M). 
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Let x„ — A(7„. We know that Xn\dM — ^"d is uniformly bounded in L?{M), i.e., 
1 1 Tn 1 1 2 <C,yn. Then t„ can be written as t„ = ^Jl j cj, 0,- where 0, is a solution to the equa- 
tion A/,^ + .^(-^ ~ 0, with 01^^ = 0, (^, pp. 8-9). {0i}Jli is an orthonormal sequence 
of eigenfunctions of the Laplacian. In fact since we are in the Dirichlet case, the least 
eigenvalue Ai > 0. We will show that since {t„} is uniformly bounded in L?{M), {Gt„} 
is uniformly bounded in W^'^(M). Gt„ = L^LicJ,G0;. Since (j)i\dM — 0' GA0,- = —(/),■. 
Since A/,^,- ~ —Xi(j)i, G(j)i — (j>i/Xi. Thus Gt„ = £^i(cJ,/A,)0,-. Since Xj -^ °° and since 
l|T„||2 = (ir=ic?)'/2 < C, ||Gt„||2 = (ir=i(4M0')'/' < C, Vn if Ai > 1. If Ai < 1, 
\\Gz„\\l < (C^/Xf) Vn. Thus |1Gt„|| < C2 Vn where 

C2 = C if Ai > 1 

= ^ ifAi<l. 

Next we show that the first and second derivative norms of Gt„ are uniformly bounded 
in L^{M). The second derivative is defined as V^t = V' Vt where Vt is the usual covariant 
derivative of/ taking values in T*M and V^ is the covariant derivative of sections of T*M. 

First we show that the first derivative norm is uniformly bounded. For this we observe 
that the norm of the Laplacian is bounded uniformly. This is because A/,Gt„ = — T„ and 
T„ is uniformly bounded in L?{M). Thus ||A/,Gt„|J2 < C. 



To show that || VGt„||2 < ^^ ^^ "^^^ ^^^t since Gt„ is zero on dM, 



I |VGT„|2dM = - / Gt„A/,Gt„ 
Jm Jm 



< ||Gt„||2||AGt„||2 

<C2C. 

Next we show that the second derivative norm || V^Gt„||2 < Ci, Vn. The norm of the 
Laplacian is bounded in L^ (M) . Using Weitzenbock formula we show that then the second 
derivative norm is uniformly bounded. By Weitzenbock formula |4|, A/, = V* V + z{Ko) 
where V* is the adjoint of the covariant derivative. Note that V*V = — V' V = — V^ (|4|, 
p. 52). t{Ko) is some continuous function of the curvature Kq. In other words, A/,(Gt„) = 
— V^(Gt„) + t{Ko){Gt„). Thus by Minkowski's inequality. 



||v2(Gt„)||2<||A/,(Gt„)||2 + ||t(/:o)Gt„ 
<C + min|T(/:o)|||GT, 

M 

<C + min|T(/:o)|C2 

M 



.2 
"«l|2 



M 

<Ci. 



Since M is a compact manifold with boundary, min^ | '^{Ko)\ is bounded. 

Thus Gz„ is uniformly bounded in W^'^ since ||Gt„||2, ||V(Gt„)||2, ||V^(Gt„)||2 are 
uniformly bounded. Since T„ — A/, a,, and GA/,C7„ = C7„, a„ are uniformly bounded in W^-^. 



Now we can formulate the main result of this subsection. 
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PROPOSITION 2.4. 

The sequence {Cnj^^j contains a subsequence {cT/^},7=i with the following properties: 

(a) The sequences {cJ/„}~^j and {e"^'"} converge in C (M) topology to continuous func- 
tions (7 and e" respectively. Moreover, (7 £ W ' (M). 

(b) The subsequence {A/jCJ/,^ } converges weakly in L^ to f = A^''^"'0' - a distribution Lapla- 
cian of o. 

(c) Passing to this subsequence {C/^,}, the following limits exist: 

jim||A/,(T,„||2 = ||Af'^(T||2, 

lim5[aJ=5o= / f/To- ^Af V-ZTe^) d^. 

n^~ Jm\ 2. J 

In fact, the convergence in (b) is strong in Lr. 



Proof Part (a) follows from the Sobolev embedding theorem and Rellich lemma for com- 
pact manifolds with boundary, since, for dimM = 2, the space W^'^(M) is compactly 
embedded into (^\M) (see, e.g. |2|). Therefore the sequence {ff„}, which according to 
Lemma 2.3, is uniformly bounded in W^'^{M), contains a convergent subsequence in 
C^\M). Passing to this subsequence {c7/^, } we can assume that there exists a function 
a e (^'{M) such that 

lim (7/,, = a. 

Since (7„'s are uniformly bounded in a Hilbert space W^'^(M), they weakly converge to 
s G VK^'^(M) (after passing to a subsequence if necessary). The uniform limit coincides 
with s so that o = s e W^-(M). 

In order to prove (b), set v/„ = A/,(J/„ and observe that, according to part (a) of 
Lemma 2.2, the sequence { V^„} is bounded in L^. Therefore, passing to a subsequence, if 
necessary, there exists f £ L? (M) such that 



Um / Yng = / fg 

for all g e Lr'{M). In particular, considering g £ C°°{M), this implies / = A^'^^CT. 
In order to prove (c) we use the following lemma. 

Lemma 2.5. If a sequence {v^„} converges to f £ L in the weak topology, then 

]im||v/„||> 11/11 . 

Further \vm„^oo \\'^ln\\ — \\f\\ iff there is strong convergence. 
Proof The lemma follows from considering the following inequality: 
lim l\\ifn~ffAii>Q. 
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To continue with the proof of the proposition, suppose lim„^oo || i/nll > 11/11- Using the 
definition of the functional, we have 



S[a„] 



KQ--Aha„-Ke'''' ] djx 



-\\Wnf + \\Ko-Ke''"f- / xi/„{Ko-Ke''")dn. 
4 Jm 



From parts (a) and (b) it follows that the sequence S[g„] converges to So and 

So = lim S[a„] 

= limhxj/„f+\\Ko-Ke''\\^- ( f{Ko-Kt''W 

>\\\ff + \\Ko-Ke-f-ff{Ko-Kc-)d^ 
4 Jm 

1 2 

--f + Ko-Ks'' 

We will show that this is an equality since the inequality contradicts the fact that {(7„} 
was a minimizing sequence. That is we can construct a sequence {t} G C°°{M) such that 
S[t] gets as close to || — 5/ + Ad — 7re'^|| as we like. 

Namely, for any e > we can construct, by the density of C°° in W^'^, a function 
T G C°°{M) approximating a G W^'^ such that ||A/,T-/|| < e and ||4(e^ - e"")]! < e/2. 
Since 



Sr = lim S[t] 



-AhT + Ko-Ke"^ 



we have 



Now setting 5 = \/So 



1 



-f + Ko-Ke"^ 



< 



-{f-AhT)-K{e'-e'' 



<e. 



^f + Ko-Ke'^W > and choosing e < 5/2, and using \/S^ < 



jf + Ko — Ke'^ \\ + e we get, v^ < VSq ~ f - ^ contradiction, since So is the infimum 



of the functional. 

Thus, lim„^oo ||A/,(7„|| = ||/||, so that, in fact, by Lemma 2.5, the convergence is in the 
strong L^ topology. This proves part (c). 



3. Smoothness and uniqueness 

Here we complete the proof of the main Theorem 2. 1 by showing that 

PROPOSITIONS.:. 

(a) The minimizing function a G C (M) is smooth and unique and corresponds to a metric 
of negative curvature K. 

(b) a extends to M —U"^iPi by zero. 
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Proof, (a) Let b={Ko- ^Af'^'a - Ke"") e L^ (M); note that b^Qon the boundary dM, 
since <7\dM = and by redefining Af^^'^a on the boundary, we can take A^^^'dj^^ = 
and we know that K\gi^j — Kq. According to Proposition 2.4, (c) So = J^b^djj.. Set 
Git) ^Sia + tp)- So, where /3 e {/ e C~(M)|av/bM = 0,f\dM = 0}. Git) for fixed /3 
is smooth, G(0) = and G(f ) > for all t. Therefore, 



dG 

dT 



= 0. 



A simple calculation yields 

dG f 

— = / (-M/,/3-2/:e^fej3)dM. 

at ,^Q Jm 

Now, /^M,,j3 d^l - iMpAhb dM = .W^^vjS d/ - JsMpdvb dl = 0. Thus b e L^iM) 
satisfies, in a distributional sense, the following equation: 

-A,,b-2Ke''b^Q. (3.1) 

First, we will show that /? = is the only weak L^ solution to eq. ( 13. 1> . Indeed, by 
elliptic regularity b is smooth, so that multiplying (13. 1> by b and integrating over M using 
the Stokes formula, we get 



[ Vb-Vb- [ dvb-b~ [ IKb^e^'dii = 0. 
Jm JdM Jm 



The second term drops since we redefined A'^^^'^a to be zero on the boundary and had 
K — Koon the boundary, thus b ~Qon dM. Recalling that K <QonM, all the remaining 
terms are positive or zero, b = everywhere. Thus we have shown that So = 0. 
Secondly, equation b — for the minimizing function a G C^iM) reads 



iAf'cT = /To - Ke"" e C'-\m). (3.2) 

Therefore, A^'^"'(7 belongs to L^ (M) so that a G W^'^ for all p. By the Sobolev embedding 
theorem it follows that a E C^'"iM) for some < a < 1. Therefore, the right-hand side 
of eq. ( 13. 3> actually belongs to the space C^'"iM), and therefore a e C^-"iM) and so on. 
This kind of bootstrapping argument shows that a is smooth. 

Equation b = satisfied by a now translates to Kia) = K, where Kia) is the Gaussian 
curvature of the metric e'^h dz^dz, (7 £ C°°iM). 

Next to show uniqueness, let rj be another solution in class T. Then rj satisfies 

^Af^T] =Ko- Ke'^ e C^\m) (3.3) 



so that 



A,,(cJ-77) = -2/:(e'^-e'') 



Multiplying this equation by CJ — Tj and remembering that a and 77 and their normal 
derivatives vanish on the boundary, we get 

dCA*dC= / -2/:(cJ-77)(e^-e1)dM, 
M Jm 
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where we set ^ = C7 — 77. Since —2K{g — ri){e" — e'' ) > 0, we conclude that di^ = and 
in fact C = 0. 

(b) (7 is in class T, i.e. g\sm ~ ^v<y\dM — ^h^ldM = 0. Supposing we minimize over 
the class of functions all of whose derivatives are zero at dM. Let T be the smooth function 
to which this minimizing sequence converge to. By uniqueness of the solution, T = (7. We 
can extend t by zero on the discs U"^;/),. Thus we can extend a by zero as well. 



4. An example of the initial metric 

Let E— {p/jJLi be the Riemann surface with punctures. Let D, = {(r,-, 0,) : < r,- < 1} 
be a disc about p, such that p,- is the only puncture on D,. Recall M — 1, — U"^j A'. dM = 
Ul^^dDi = UUiin, Oi) ■■ n = 1}. Let D'- = {{n, 0,) : < r, < 1.5} and Df = {(r,-, 0,) : 
< r,- < 2}. Let /,■ dz (g) df be a metric on D" — /?,-. Let /z dz (g) dz be a metric on M. We 
wish to construct a metric which will interpolate between the metric on M and the metric 
onD", i ^ !,...,«. Let 

p, = l on{0<r,< 1.5} 
= on {n > 2} 

0<p<l on{1.5<r,<2} 



and 



Let 



:1 onE-Uf=iD;' 
on d; \/i 
0<p<l on{1.5 <r, <2}. 



/z dz (g) dz = 52 Pifi dz (8) dz + p/i dz (81 dz. 
1=1 

This is a metric because h is positive everywhere. On D'-, /i dz <Xi dz = /, dz (81 dz and on 
E - Uf^iZ);/, /! dz (g) ^z = /i dz «) dz. 

We can choose fi such that the Gaussian curvature Kq of h dz (81 dz is negative 

on dM. One such example would be to choose /, dz (g dz on the disc D' — /:>,■ to be 

'H' - - - 

,4. 



-Iog(j)[(dr,)^ + r^(d0,)^], where {ri,9i) are standard polar coordinates on the disc. This 



metric has a true singularity at the puncture. Kq = 



1 






where 



£ = -log (f ), G = -rflog (5) OH. On D,-, /Tq = ^^2(i„g|,^y4)). and therefore negative. 
In particular, on dM = U"^j{(r;, 0,) : r,- = 1}, Kq is negative. 
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